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SUMMARY

Prior knowledge of coefficient of variation of study variate and information on
auxiliary character are used in developing some eafficient estimators of mean of finite
population. It is found that the proposed estimators are more efficient than simple
mean, ratio, regressicn and product estimator in mos tof the situations.
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1. Introduction

Use of information on auxiliary character x highly correlated with the
character under study y to improve the estimate of mean Y of a finite W
population is well recognised in literature as well as in practice. Some of
the important examples are ratio and regression methods of estimation.
Estimators utilizing population coefficient of variation (C.V.) of y have
been proposed by Searle [3],.Khan [2], Hirano [1] and others. Sisodia
and Dwivedi [4] modified the ratio estimator using C.V. of auxiliary

“character. These estimators are no doubt more efficient than the simple
mean but the gain in efficiency is hardly appreciable. Assumptlon about
prior knowlcdge of C.V. of study variable is not uncommon in litera-

© true. An investigator can obtain approximately the value of C. V. of .
study variable through his experience in repeated surveys. In this paper,



132 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL surfsrlcs

some estimators of population mean are proposed making use of auxili-
ary information alongwith the knowledge of €.V. of the character under
study. Expected values and variances of these estimatorsare deduced.
The estimators, under optimum conditions, are compared with simple
mean, ratio, regression and product estimators. Further practicable
values for the optimum choices are suggested and the estimators thus
* obtained are also compared.

2. Notations

Consider that a sample of size n is drawn by simple random sampling
‘without replacement from a population that consists of N identifiable
units, Let y, Ciy and Cy respectively denote the sample mean, sample
C.V. and population C.V. for the character under study; y and C,s and
C. denote the sample and population C.V. of the auxiliary character x.
Let Y and X denote the population mean of the characters y and x, res-
pectively. Let s2 and sy denote sample mean square error of x and y,
respectively. Similary S7 and S? denote the population mean square
error of x and y. Let p be the coefficient of correlation between y and x, .

= (I/n — 1/N) and &, = [(x — X)* (y — Y)*]. Assume that inform-
atlon on auxiliary character x on each unit of the population is avail-
able and hence C» can be determined. It is assumed that a prior know-
. ledge of Cy is available. '

3. Proposéd Estimators

The estimators of population mean Y are proposed utilising C,z, Ciy,
and Cy,

31 Estimélor 1

The first estimator of ¥ proposed is

V Csz Cy )

h=r+ K‘( C:  Cw ()

where K; is a scalar quantity; It may be noted that this estimator is
consistent. Assume that
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x=X+4g¢g
si=Si+ ¢

where E(n) = E(y,) = E(¢)) = E(6;) = 0

Under the above assumptions, the estimator ¢, can be expressed as
- —_— . % El \1
h=Y+m%+K l+'_— l+’4}7‘,

Si _ _ |
S Y

We now assume that Iea/Sx , &/X | and | m,/S3 | are each less than
one so that their expansion is valxd Using the results of Sukhatme and
Sukhatme ( [$], p. 194 and appendlx ILon p. 190) and neglectmg the

the expected_ value of # can 'egsily be obtained as follows :

E(tl)__Y+K1§ [“““—21"( @:;‘ - u:::af)J o @

Thus, the bias in ¢, is

V‘zo ( fs0_ Kaq o S
B(t) = K, T\ " BT | o

Under the aforesaid assumptions énd the results of Sukhatme and
. Sukhatme [5], the mean-square-error (MSE) of ¢, 'upto 0.(n) is

MSE(f,) = 8 [S7 + K? (€2 + C2 + 2 pCCy) — 2K, F(Cp + pc.c,,)]
@

Minimisation of MSB (tl) with respect to K, gives the opumum K =
Ko (say) as

Ky = T(Cit G C)

()

(C2+ Cx + 20C.Cy)
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and the minimum value of MSE (¢,) = MSE (#,), (say) is

6 43 - C
‘MSE (t))y = ﬁ S; (1 — ’)s_A = C—;-: (6)

This shows clearly that MSE (#,), will always be less than that of simple
mean $. It is interesting to notice that this is true even if the characters
are uncorrelated, i.e. p = 0 and moreover, there will be a 100% relative

gain in efficiency over simple mean in such acaseif 4 = 1 and 42"
~ percent if 4 7= 1. This is so because known C.V. of y along with the .
C.V. of x is utilised in the estimator, which brings higher precision even

ifp =0,
Further, as 8 S} (1 — p2) is the MSE of regression estimator and

A1 4+ A* + 24 p) will always be less than unity for 0 < p<1, £, will
always, under optimum condition (5), be more efficient than regression
estimator and hence than ratio estimator.

Choice of Koy and deduced estimator

Since it is difficult to achieve the optimum value Kou) in practice
because ¥ and ¢ are not-known, we replace Cy by C:z and Y by » in Ky
and get

. Koy = % a — A (7

Now, the proposed estimator with K, = /2 will be investigated.

Let us call this estimator t{. Thus

, c c -
6 = P+ %(T: - ij) ®)

The bias and MSE 11 to 0 (1) are

Y Yoa By Koz
B(f)=06 [ S
(t) ( XY _ Yz)

_ _1__(_1"‘3_1 _ 2”’1@ — Mgy )] (9)
2 079 ¢ 219 4 19 ¢
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and -

MSE (1)) 8 = _Y° [0° + €2~ 246Gy c,]

= °f20v[1+A=f—29',4 ] ‘ (10) .

Comparing f; with simple mean we have -
3= A4+ 204>0

’ As__3 : ) i A ' .
Or p > 24 | (11)

for t; to be more efficient than simple mean. The above condition on- p
is quite feasible in tie practice. The estimator ¢; will always be more
efficient than ratio estimator as it is evident from (10) that MSE of ratio
estimate is four times the MSE of ¢.

On comparing regression estimator with t1, we find that the latter is
more efficient than the former if

A2 —2pA4—-3+4p"<0 (12)
i.ev. p lies in the interval [4 £ /3 (4 — 42))/4. |
The estimator't‘; will be more efficient than product estimator if
3A'+109A+3>0

. 2
o, o> S 3L 42

It is worthwhile to note that the above.inequality remains unaltered

when 4 is changed to l; , i.c. the inequality is symmetnc in Cs and Cy.

Special case : If we consider 4 = 1, i.e,. Cs = Cy as may be expected
for example, when y and x denote values in two consecutive periods for
the same character, the inequality (11) reduces to p > —1 indicating
thereby #; to be more cfficient than simple mean whatever be the value
of p exéept when p = — 1. Similarly, p should lie between —0.5 and 1
for 't} to be more efficient than regression estimator and, p > —0.6 for
it to be more efficient than product estimator.

104 : Wy

)
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3.2 Estimator 2

The second estimator of Y is proposed as

he=g K (Gr - S » (19

where K, is scalar quantity. Upte 0 (n-2), the bias and MSE are obtain-
ed as . \

: “ B _ 1( u B |
p(tz)=Kze[72;’_ Y_‘:’,.—?( 0 _Pw )] (15)

Bey X o2 Y

MSE (1) = 0[S} + K2(C} + C2 —2p C, Cy) ,
' ’ ' + 2K, Y(C} — p Cs Cy)] (16):

Minimising MSE (.) with respect to K,, we get the optimum K, = K,
(say) as

Y—(Cy2 —p Cy Cv) ’ (17)
C; + C2 — 29C.;n Cy

Ko(a) = -

and the minimum MSE as

_ C} — o Cz Cy)? 1T (18)
MSE (t;), = 0 Y’[Ci - Cﬂ(-}-y C:2 p—-; pvc),'m Cy ] (18)
. v I e ’

This shows that MSE (,), will always be less than the variance of simple
mean p. This is true even if the characters are uncorrejated, ie. p =0,
Moreover, there will be a 100 percent gain in efficiency if C, = C,.
Further, if Cz = 4 Cy, the gain in efficiency is proportional to 1/4%,
MSE (t3) can further be simplified as

8 42
1+ A% — 204

MSE (o = S;(1—ed) . (19)

Since 8- S (1 — ¢?) is MSE of regression estimator and A2 11+ 42 —
2p4) will always be less than unity for — 1 < p < 0, the proposed’ esti- .
mator will always be, under optimum condition (17). more efficient than
regression estimator and hence than product estimator. S
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Choice of Kyay and deduced estimator

In this case replace Cy by Cs and?by ¥ in Ky(9), and the choice for
Ky is ' ‘ ‘

- Koy = — % (20)
Thus we get the estimator
.o 9( Ca _ C,.,) o
2=ry—3 ( Cs C, - @n
To 0 (n~Y), the bias and MSE of 1,/ are
; | 1 = .!-)42 i 1 ) N l Mgy
B(ty)=— =-07 :0_—'_11_+_( L _.__)]
’ 2 X2 XY 2\ pa¥  ppX
' (22)
and
N . . |
MSE (12) = 0 —4——[ C:+C; + 26Cs Cu] ' (2.3)

We get the following conditions on correlation coefficient p for ¢, to be
more efficient as compared to the standard estimators.

No condition is required for ¢, to be more efficient than product esti-
mator as MSE of product estimator is four times the MSE of .. The
estimator t, will be more efficient than simple mean, ratio estimator and
regression estimator, respectively, if

. 3— 42
p < o4 " (24)
3(1 4 4%
® <" 104 (25)
~ and p lics in the interval [— 4 + \/ 3(4 — A4)2)/4 : - (26)

Remarks :— Bésically, the estimator f, (or #;) is proposed for the situa-
tion where x is positively correlated with y while the estimator #; (or ¢;)
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is proposed for the situation where x is negatively correlated with y. It is
very obvious from the results (see ¢q. 10 and 23) that no condition is
required for #; and #] to be more efficient than ratio estimator and pro-
dact estimator, tespectively. However, both the estimators 7{ and ¢, can
be used in both the situations under certain conditions and can produce
result more efficient than regression estimator.,

Now, if we examine the above listed conditions, then it is seen that :

(i) No condition is required for ¢ to be more efficient than product

estimator and its use will lead to 3007 gain in efficiency. _

(i) For A > 1, t; will be more efficient than simple mean for all value
of p. For 4 < 1. the upper limit of p decreases but, however, there
is stifl a wide range of p for which 1, will be more efficient than o
simple mean, \

(i) ¢, ‘will also be more efficient than regression estimator -in a wide
range of p. The range of ¢, however, decreases as 4 increases.

-

The efficiency of ¢, can also be similarly examined for different values
of A. It could easily be seen that the estimators: # and ¢, together cover
almost entire range of p in which at least one of them will be more efficj-
ent than simple mean, ratio, regression and product estimators and gain
in efficiency is substantial. However, some specific recommendations
would be as follows :

(i) In genera), ¢; and t5 should always be preferred to ratio and pro-
duct estimators, respectively. - ;

(ii) If 4 lies between 0.5 and 1.5, then t{ and ¢, should always be pre-
ferred, in general, to even regression estimator for 0 < p < '95 and
— 095 < p < 0 respectively.
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